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Abstract-In a finite segment p-adic number system one of the difficult problems is concerned with 
converting Hensel Codes back into rational numbers. A method for this conversion has been 
proposed which is based on a table lookup procedure. 
1. INTRODUCTION 
Error-free arithmetic using truncated p-adic expansions (Hensel Codes) of rational numbers has 
been proposed by Krishnamurthy et al. [1,2]. The representation of a Hensel Code has the form 
(m,, e,) where (Y is a rational number: m, is called the mantissa nd contains the r digits of the 
Hensel Code and e,, called the exponent specifies the position of the p-adic point. Thus (3222,0) 
represents 0.3222 and (3222,l) represents 3.222. These are the Hensel Codes of f and l/IO 
respectively in the H(5,4) system. The exponent e, merely denotes the largest power of p 
which is a factor of the denominator of (Y. However, if the numerator of LY is a multiple of some 
power of p, this only results in the first few digits of the mantissa being zero. Thus (0322,O) is
the H(5,4) Code of 5/2. From the above discussion, it is clear that the exponent e, always 
positive and the first few digits of the Hensel Code can be zeros. 
As proposed in[ 1,2], the H(p,r) arithmetic system is an unnormalized system. In any modular 
arithmetic computation, the final results are converted to their rational form using some 
conversion procedure. Few methods of converting Hensel Codes into rational numbers are 
proposed such as table look-up and iterated multiplication ([l], p. 74). Even assuming that an 
efficient procedure converts a given digit combination to rational form, we may still encounter 
some problems because of the arithmetic. For instance, the H(5,4) Code of 4 is (3222,0) and 
Ms.4(~>*H5.4(~)*H5,4(~) results in (3220,O) which is not the same as H5,4(j). In 
other words, the numerically equal quantities 5and 5/10 do not get represented in the same way 
in computation, although both are well within the range[l]. In this paper, we discuss the 
normalized Hensel Code arithmetic. However, the normalization also presents ome difficulties 
as can be seen in this example: (3222,0)+(2313,0) = (0,0140), which gives (1,140O) when 
normalized. The Hensel Code of the sum viz. l/6 is (1,1404). This is because the last zero digit 
is not a valid digit in the p-adic expansion, but only a space filling zero which appears as a 
result of normalization. Clearly, this could be avoided if some more valid digits in the p-adic 
expansion were available. It is evident that such a problem can arise only in an add/subtract 
operation. The extra digits can be obtained if the addends can be converted into their rational 
forms and expanded to get more digits of the p-adic expansion. Thus we need an efficient 
conversion procedure. In this paper, we discuss the normalized arithmetic and an improved 
table look-up procedure for conversion. 
2. NORMALIZED HENSEL CODE ARITHMETIC 
Let Q be the set of rational numbers. If p is a prime number, then every MQ has a unique 
p-adic expansion 
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where 0 5 ui < p [1,3]. The infinite series is also represented using a p-adic point as 
&I a,+l~~. a-, . UoUlUz.... ifm<O 
. uoulaz.... ifm=O (2) 
. O...Oa,a,+,... ifm>O 
and also in the exponent-mantissa notation as 
cm, 0, &,I~. . .I. (3) 
The infinite expansion is truncated to r digits starting from a, for the purpose of representation 
in a computer, and is called the Normalized Hensel Code of a rational number a denoted by 
HP,,(~). Thus 
&.,(LY) = (m a, a,+l , . . . am+A (4) 
It can be proved that the exponent m is an integer such that 
a = (C/&P (3 
where c and d are integers prime to each other such that p does not divide any of them. 
Although the infinite expansion is unique for each rational number, as a result of truncation 
many rationals may have the same Hensel Code. Uniqueness can be obtained by restricting the 
numerators and denominators to a given finite set of integers. The following theorem specified 
the bound. 
Thorem 2.1 
Let M = [((p’ - 1)/2$1 
where [xl represents the lower integral part of a real number x. If (u/b) and (c/d) are rationals 
such that (a(, (b(, ]c( and Id] I M then H,,,(a/b) = &(c/d) if and only if (a/b) = (c/d). 
Arithmetic alogrithms on Hensel Codes are discussed in[1,3]; those for normalized Hensel 
Codes can be designed exactly in the same manner with few modifications. We shall only 
discuss the modifications here. 
(i) Since the first digit a,,, is nonzero, there is no necessity for shifting and adjusting the 
quotient in the division operation ([I], p. 73, Remark). 
(ii) The leading digits may become zero in the addition operation. Let (Y = 
(m, a, a,+, . . . a,,,+,-,) and /3 = (m, b, b,,, . . . b,+,_,). We take the exponent o be the same for 
convenience. Otherwise, a suitable right shifting of the Hensel Code with higher exponent 
would be necessary. The addition algorithm computes the sum digit si and a carry digit Ci_l 
from a knowledge of ai, bi and Ci thus: 
Si = lUi + bi + Cilp (6) 
fori=m,m+l,...,m+r-I withc,=Oand 
Ci+l = 1 if Uj + bi + C;2p 
= 0 otherwise. 
The addition algorithm stops here neglecting c,+, if s,f 0. If s,, . . . &+k-l are zero and 
s,+k f 0 for some k, then a normalization is necessary. In this case, we need k extra valid digits 
of the sum. We convert and to rational from using the conversion technique discussed in the 
next section and obtain an additional k digits in their p-adic expansion. We then develop the 
sum up to r+ k digits and normalize it to r digits. 
Example 2.1 Addition of a = (0,3222) and p = (0,2313) yields (0,014O) in the H(5,4) 
system. We need one additional digit of the sum. When converted to rational form cc = i 
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and b = l/3. Expanding a and /l up to 5 digits, we get a = (0,32222) and fi = (0,23131). 
Thus the normalized sum is a + ,!3 = (1,1404). 
3. CONVERSION TECHNIQUES 
Some conversion techniques have been discussed in[l]. We consider the table look-up 
procedure in detail here. A very simple table look-up can be devised. It simply consists of storing 
the Hensel Codes of all the rational numbers in the range as a two dimensional rray, the row and 
column indices representing the numerator and denominator espectively. The conversion 
involves a sequential searching of the array. This procedure can be very expensive from both the 
points of view of storage and time, We now discuss a table look-up procedure far superior to the 
above. 
Definition 
Let (Y = (m, a, a,,, . . . am+r_l ) be the Hensel Code of a rational number. Then the weight of 
(Y denoted by W(a) is defined as 
W(a) = a, + p a,,, + . . . +pr-‘Um+,-~. 
Clearly, 15 W(a) I p’ - 1 for all (Y in the range. Let V = {W(a)10 is a rational in the range}. 
Then clearly V is a proper subset of I,,, _ , = ( 1,2, . . . , p’ - 1 }. We call the elements of V as 
Rational Valued Residue Numbers (RVRN). 
THEOREM 3.1 
If w is an RVRN, then at least one of w + 1 or w - 1 is also an RVRN. 
Proof: Let w = W(a) where u = a/b, (al I M and jb( I M. Consider the rational numbers 
(a + b)/b and (a - b)/b. Clearly (min(a +b,a - b)js M. Thus at least one of (a + b)lb or 
(a - b)/b is a rational in the range. The Hensel Codes of (a ? b)/b are obtained from that of 
(a/b) by addition or subtraction of (0,lOOOO. .O). Thus W((a + b)/b) = w + 1 and W(a - b)/b) = 
w - 1. The above theorem shows that the RVRN’s occur in groups of at least 2 elements. 
THEOREM 3.2 
Let{w, w-tl,... ,w+k-l}beagroupofRVRN’ssuchthatkr2and w-land w+kare 
not RVRN’s. Then: (i) the rational numbers corresponding these have the same denominator; 
and (ii) k = [2M/b] or [2M/b] + 1 where b is the common denominator. 
Proof. Let w = W(a/b). since w - 1 is net a RVRN, (a - b)/b is not a rational in the range 
(in other words /a - bl> M). Thus w + 1 must correspond to (a + b)/b because of the unique- 
ness of Hensel Codes. Thus (w + i) corresponds to ((a + ib)/b) for i = 1,. . . ,k - 1. It is evident 
that the number of elements k is the number of integers je[- M, M] such that ]jlb = 1~1~. Thus 
k = [2M/b] or [2M/b] + 1. 
The above theorem only asserts that all the elements in a group of consecutive RVRN’s 
correspond to the same denominator. However, there can be several groups corresponding to 
the same denominator. It would be interesting to find the number of groups corresponding to an 
integer as denominator. Before stating the result, we observe that the Hensel codes of two 
rationals (a/b) and (albp) differ only in the exponents: thus W(a/b) = W(a/bp). Assuming that 
the sign of the rational is always attached to the numerator, the possible denominators are 
effectively those integers in [l, M] which are relatively prime to p. 
THEOREM 3.3 
For an integer b relatively prime to p, 2 I b 5 M, the number of groups corresponding to the 
denominator b is 4(b) where 4(b) is the number of integers less than b and relatively prime to 
it. 
Proof. Let c = b-‘(mod p’). Let S = {w, . . . ,w + k - 1) be the group such that w = W(a/b) 
where a is the smallest integer in [- M, M] relatively prime to b. Then W((a + i)/b) = (w + cilp’ 
for 1 5 i < b where i is such that a + i is relatively prime to b. Certainly no two of these can 
belong to the same group as the numerical value of c is greater than M 2 [2M/b]. Since any 
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rational in the range with denominator b is of the form ((a + Q/b)+ j, the above are the only 
groups corresponding to the denominator b. Thus the number of groups is given by the number 
of integers in {a + i/O I i 5 b - 1) which are relatively prime to b which is same as d(b). 
We now design the table look-up procedure. Let S,, S2, . . . ,S, be the groups of RVRN’s in the 
order in which they occur in (1, 2,. . . ,p’- 1). Clearly S, ={l, 2,. . . ,M} and S, = 
{p’- M,. . .pR - 1). Let b,, b2,. . . ,b, be the denominators corresponding to these sets, and wI, 
w2, ..a, w, be their leading elements. We define the table T as the set of ordered pairs {(Wi, 
bi)/i = 1, ri} where A is the largest integer such that w,- zz (p’ - 1)/2. The conversion procedure can 
be described as follows: 
(i) Let w = W(a). If w = 0, then (Y = 0. Let u = w if 15 w or (p’ - 1)/2 and p’ - w otherwise. 
(ii) Search the table T for the largest Wi I u. Then bi gives the denominator. 
(iii) find the numerator given by a = value(lwbilp’, p’), where value (x, p’) = x if 0 5 x c: 
(p’ - 1)/2 and x - p' otherwise. 
Example: Let p = 5 and r = 4. Then M = 17. The table T appears as follows: 
To convert (0,2313) for example, we compute W(O,2313) = 417, which gives u = 208. From the 
table, 203 is the largest Wi less than 208. Thus the denominator is 3, and the numerator is value 
(1417 X31Q5, 625) = 1. It would be of interest o compute the length of the table T. 
Table T(i). 
W. 1 
1 
36 38 44 47 51 56 68 73 76 a7 95 110 113 
bi 1 17 16 14 13 12 11 9 17 a 7 13 17 11 
W. 220 1 117 122 133 137 143 147 152 169 177 la3 191 195 203 
bi 16 6 1.4 g 13 17 4 11 7 17 13 16 3 17 
wi 233 240 257 259 266 273 276 283 294 304 
bi a 13 17 12 7 16 9 11 17 2 
THEOREM 3.4 
For a given p and r, the length of the table T is given by 
T = 0.5 (24(b)) 
where b ranges over the set of integers in[l, M] which are relatively prime to p, with the 
assumption that d(l) = 2 and b(2) = 2. The theorem can be easily proved by observing the fact 
that there are 2 groups with denominator 1 and only one group with denominator 2 which is 
shared between [l, (p’ - 1)/21 and [((p’ - l/2) + 1, p’ - 11. 
CCONCLUSIONS 
This paper shows that it is possible to design table look-up procedures for converting Hensel 
Codes which require reasonable amount of storage. It is to be investigated whether the length 
of the table can be further reduced. 
The searching of the table can be faster as the table is ordered and it is possible to employ 
binary search. A way of generating the table T is yet to be designed. 
Note added in proof. A revised version of this paper has appeared in the Proc. 5th IEEE Symp. on Computer 
Arithmetic, pp. 10-20. University of Michigan (1981). The problem has recently been solved by P. Kornerup and 
R. T. Gregory. (Proc. 6th IEEE Symp. on Computer Arithmetic. Aarhus University 1983). 
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